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Inspired by the experimental anomalies in neutrino physics and recent oscillation data from short
baseline and another neutrino experiment, the realization of one extra neutrino flavor seem to
be favoring. This extra flavor may change the observable, |mββ | of currently data taking and
next-generation (ββ)0ν-decay experiments aim to probe and possibly look the Inverted Ordering
region(|mββ | ' 10−2eV) of parameter space. This observation would allow establishing physics
beyond the standard model and phenomena like lepton number violation and Majorana nature of
neutrino. The range of this observable (|mββ |) is not very well defined for both the ordering of mass
spectrum(Normal Ordering and Inverted Ordering). Several attempts have been made for defining
exactly the range for three active neutrino states. For contrasting this range, I have worked with
an extra mass states, ν4 and its effect on the observable with various combination of CP violation
Majorana phases by taking into account the updated data on the neutrino oscillation parameters
for IO case. Based on the monte carlo technique, a parameter region is obtained using the fourth
Majorana-Dirac phase of sterile parameters that lead to an effective mass below 0.01 eV or .05 eV
for inverted mass ordering case which is planned to be observed in the near future experiment.
I. INTRODUCTION
In future, the positive observation of neutrinoless double beta decay process would be a clear evidence of lepton
number violation and confirmation of the Majorana nature of neutrinos[1]. In addition to the phenomena discussed
earlier, it can also address some of the yet unresolved issues in neutrino physics and physics beyond the standard
model, such as the origin of tiny neutrino masses, the absolute neutrino mass scale and the mass ordering, see Refs.[2–
5] and also dark matter physics. In general, three active neutrinos are considered in the standard neutrino oscillation
picture with mass-squared differences of order 10−4 and 10−3 eV2[21]. From tritium beta decay experiments and
cosmological observations, the absolute mass scale of neutrino is also constrained below around 1 eV. Considering
the three neutrino formalism we have various successful achievements of atmospheric, solar, accelerator and reactor
neutrino experiments but there are experimental anomalies that cannot be explained within the standard three-
neutrino framework. Mainly the issue of LSND[6] and MiniBooNE[7] results that are not yet explained clearly
is frequently interpreted as a hint towards the existence of one or two sterile neutrino states with masses at the
eV scale[6, 7]. Such neutrinos called ”sterile” because it cannot participate in the weak interactions due to collider
constraints and points towards the non-standard neutrino physics. The presence of sterile neutrinos would significantly
change the observables in neutrino experiments, specifically the oscillation probabilities in short-baseline experiments
and the effective mass in neutrino-less double beta decay[8–10]. Recent new data from reactor experiment, IceCube,
MINOS+ and global νe disappearance channel supports the sterile neutrino explanation of the reactor anomalies and
anomalies of other short-baseline neutrino oscillation experiments[11].
In the oscillation experiment, total lepton number is conserved while in the neutrinoless double beta decay experi-
ment total lepton number changes by two units. So, some of the fundamental question like lepton number violation
and Majorana nature of neutrino cannot be answered through the neutrino oscillation experiments but can be an-
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2swered through the Neutrino-less double beta decay (0νββ) experiment. Therefore the most promising process which
can unambiguous the Majorana nature of neutrinos is neutrinoless double beta decay and the search for this phe-
nomena have a long history[12]. Current running experiments like KamLAND-Zen, CUORE, CUORE-0, Cuoricino,
and GERDA-II are trying to find out the lower bounds on the T 0ν1/2 of this decay for several nucleus samples. Recent
lower bound obtained by the KamLAND-Zen collaboration for sample 136Xe(xenon-136) is, T 0ν1/2 > 1.07×1026 yr[16],
GERDA-II collaboration obtained the lower bound for sample 76Ge(germanium-76) is T 0ν1/2 > 8.0 × 1025 yr[14] and
CUORE, CUORE-0 and Cuoricino experiments collectively obtained the lower bound for sample 130Te(tellurium-130)
is T 0ν1/2 > 1.5× 1025 yr[14].
The (ββ)0ν - decay rate is proportional to the effective Majorana mass |mββ | in the three Majorana neutrino
picture. The range of this effective Majorana mass is not very well understood but based on the present neutrino
oscillation data, it is bounded from below |mββ |IO > 1.4 × 10−2 eV in the case of three neutrino mass spectrum
with Inverted Ordering[17]. While for the Normal Ordering configuration of the mass spectrum the lower bound is
|mββ |NO << 10−3 eV[18] and it can be extremely small depending on the values of the Dirac, Majorana phases and
of the smallest neutrino mass. A condition is established using the recent global data on the neutrino oscillation
parameters with NO(Normal Oredering) spectrum[22], which suggest |mββ | must exceed 10−3(5×10−3) eV. Neutrino
double beta decay experiments are trying to cover the range of |mββ | from the top and the current reachable upper
limit reported by KamLAND-Zen collaboration is |mββ | < (0.061−0.165)eV [16]. This upper limits is obtained by the
KamLAND-Zen collaboration using the lower limit on the half-life of the xenon-136 sample and they have considered
the uncertainties in the NMEs(Nuclear Matrix Elements) in their analysis of the relevant process.
New-generation experiments plan to look the Inverted Ordering region of parameter space and possibly work
for the |mββ | ∼ 10−2 eV energy range. Various running experiments are considered[23, 24] for upgradation and
new experiments are also proposed to achive this goal. Some of those experiments are as fallows, MAJORANA,
LEGEND(76Ge), CANDLES(48Ca), AMoRE, PandaX-III, SuperNEMO and DCBA(82Se,150Nd), ZICOS (96Zr),
MOON (100Mo), COBRA (116Cd,130 Te), SNO+(130Te), NEXT and nEXO(136xE). If these planned experiments
didn’t find positive responce in this energy range(10−2eV ), then next generation experiment will be very intersting
for sterile neutrino which will correspond |mββ | ∼ 10−3 eV or more below in the (ββ)oν-decay experiment.
The introduction of a sterile neutrino at the eV mass scale can change the prediction for the possible range of
|mββ | values in the neutrinoless double-beta decay[8, 25–29]. In the present article, I have determined a sterile
parameter region using monte carlo technique under which the effective Majorana mass is pushed below a certain
value (.01 eV or .05 eV) in the case of 1+3 neutrino mixing with Inverted Ordering mass spectrum. For completeness
Normal Ordering scenario of the spectrum with three active and one sterile neutrino is also discussed with the recent
global data. Considering the latest global data and various possible CP violation Majorana phases possible ranges of
observables in (ββ)0ν-decay, tritium beta decay experiments and cosmological observations are also discussed.
II. THE EFFECTIVE MASS IN 3 AND 1+3 NEUTRINO STATES
In this section, I will discuss the general formalism of neutrino parameters and evaluate the contributions to the
effective mass relevant for neutrino-less double beta decay. First I outline the formalism of three active neutrino
mixing and then mixing in the presence of one extra sterile states (1+3), as discussed in[8]. I have worked with
the 1+3 scenario when the sterile neutrino is heavier than the active neutrino with Normal Ordering and Inverted
Ordering of the spectrum, other possible scenarios (3+1, 3+2/2+3 or 1+3+1) are also available in the literature but
not discussed here, more detail information can be found in reference[8].
A. THREE ACTIVE NEUTRINO MIXING
For three acive neutrino states configuration the effective Majorana mass |mββ | is defined as :
|mββ | = |
3∑
k=1
U2ekµk| (1)
3with the partial contribution of the massive Majorana neutrino νk with mass µk and U being the leptonic mixing
matrix and known as Pontecorvo-Maki- Nakagawa-Sakata(PMNS) matrix, which exactly defined the mixing of the
electron neutrino with the three massive neutrinos. The first row of this mixing matrix is the one relevent for
(ββ)0ν-decay, and In standard parametrization it is defined[18] as,
Uek = (c13c12, c13s12e
iφ21/2, s13e
−iδeiφ31/2) (2)
where ckl ≡ cosθkl and skl ≡ sinθkl, where θkl ∈ [0, pi/2] are the mixing angles, and δ and the φkl are the Dirac
and Majorana phases[15], respectively and these are the coplex phases and the possible range of these parameters
are [0, 2pi]. The values of these phases is not known and all possible values of |mββ | must take into account all the
possible range of these phases. The results for the neutrino squared-mass differences are expressed in terms of the
solar and atmospheric squared mass differences, which are defined as
∆m2sol = ∆µ
2
21 (3)
∆m2atm =
1
2
|∆µ231 + ∆µ232| (4)
where ∆µ2jk = µ
2
j −µ2k . Given this assignment of the squared mass differences, it is currently unknown if the ordering
of the neutrino masses is normal, i.e. µ1 < µ2 < µ3 or inverted, i.e. µ3 < µ1 < µ2. I also defined mlow ≡ µ1(µ3) in
the NO(IO). In terms of the lightest neutrino mass, CPV phases, neutrino mixing angles, and neutrino mass-squared
differences, the effective Majorana mass reads:
|mββ |NO = |mlowc212c213 +
√
∆m2sol +m
2
lows
2
12c
2
13e
iφ21 +
√
∆m2atm +m
2
lows
2
13e
iφ
′
31 | (5)
|mββ |IO = |
√
∆m2atm −∆m2sol +m2lowc212c213 +
√
∆m2atm +m
2
lows
2
12c
2
13e
iφ21 +mlows
2
13e
iφ
′
31 |, (6)
where we have defined φ
′
31 ≡ φ31 − 2δ. Effective mass for both the case, |mββ |NO and |mββ |IO, can be written in
the form
|mββ | = |µ˜1 + µ˜2eiφ21 + µ˜3eiφ
′
31 |, (7)
It is then clear that the effective Majorana mass is the length of the vector sum of three vectors in the complex
plane for three neutrino mixing case. And, their relative orientations are determined by the CPV phase factor φ21
and φ
′
31 that can push the range of |mββ | significantly up and down with Normal or Inverted ordering of the neutrino
mass spectrum. Table I and II show the best fit, 1σ, 2σ and 3σ ranges of the three neutrino oscillation parameters
used for this analysis with NO and IO of the mass spectrum obtained from the recently updated global data[21].
Generally the observation of the absolute values of neutrino masses is done through the measurements of the effective
electron neutrino mass in the β-experiment and it is expressed as
mβ =
√
|Ue1|2µ21 + |Ue2|2µ22 + |Ue3|2µ23 (8)
and the sum of the neutrino masses in cosmological experiments, which is defined as :∑
= µ1 + µ2 + µ3 (9)
Therefore, it is helpful to estimate the allowed regions in the mβ − |mββ | and
∑−|mββ | planes, as shown in the
Figure 3.
4B. FOUR NEUTRINO MIXING CASE
In this section I consider the case of 1+3 mixing in which there is a new massive neutrino ν4 at the eV scale which
is mainly sterile. By accommodating one sterile neutrino in three neutrino mixing mechanism, the effective Majorana
mass in 0νββ is expressed as [8] :
|mββ |4ν = |c212c213c214µ1 + s212c213c214µ2eiφ21 + s213c214µ3eiφ
′
31 + s214µ4e
iφ41 | (10)
and this expression can be written as
|mββ | = |µ˜1 + µ˜2eiφ21 + µ˜3eiφ
′
31 + µ˜4e
iφ41 | (11)
. This extra flavor ν4 contribution comes with an extra complex phase factor φ41 that must be varied between 0 to 2pi
for full physics analysis as φ21 and φ31 to estimate the all possible value of |mββ |. However, for both the ordering(NO
and IO), µ˜4 remains the same and defined as :
µ˜4 '
√
m2low + ∆m
2
sbls
2
14, (12)
here one can neglect the contributions of ∆m2sol and ∆m
2
atm, which are much smaller then ∆m
2
sbl. If three active
neutrino is lighter than the sterile neutrino ones, the expression for |mββ | can be experssed as:
|mββ |(1+3)ν ' |c214 < mββ >3ν +s214
√
δµ241e
iφ41 | (13)
where < mββ >3ν is the standard expression for three active neutrinos as defined by eq. (5) and (6). Table III shows
the best-fit, 2σ and 3σ range of the oscillation parameter for fourth sterile states used in this work for this analysis.
Right panel of Figure 1 and 2, shows the allowed range of |mββ |1+3ν as a function of the lightest mass for NO and
IO case respectively, using data from [11] for 1+3 case and [21] for 3 active neutrino state.
III. NORMAL ORDERING CONFIGURATION
The aim of this work is to constrain the |mββ | range for IO spectrum only but for completeness I will start my
analysis with the normal ordering of the mass spectrum, discussed in this section, then in the following sections
I will discuss the inverted ordering of mass spectrum in detail. The length of the vector, that determines |mββ |
with the phase factor can be obtained from the equation (11) and (12), and the vectors as a function of lightest
neutrino mass with NO are µ˜1 = mlowc
2
12c
2
13c
2
14, µ˜2 =
√
∆m2sol +m
2
lows
2
12c
2
13c
2
14, µ˜3 =
√
∆m2atm +m
2
lows
2
13c
2
14 and
µ˜4 '
√
m2low + ∆m
2
sbls
2
14. The lengths of the three partial mass contribution to |mββ | in Eq. (6) are shown in the left
panel of Figure 1 as functions of lightest neutrino mass, mlow for 3σ variations of oscillation parameters as provided in
the table (I). One can see that contribution of µ4 is dominant for mlow ≤ .01 eV while µ2 is dominant for mlow ≤ .001
eV and cannot be cancelled by the smaller contribution of µ1 and µ3 for any values of the relative phase differences
as shown in the right panel of Figure 1. In the other region cancellation are possible mainly between the values .001
- .1 eV. Result for effective Majorana mass, |mββ | as a function of mlow is shown in the right panel of Figure 1 with
three active neutrino state and one extra flavour state. The minimum and maximum values of the allowed bands for
|mββ | is obtained from the relative phase and the coefficients.
IV. INVERTED ORDERING CONFIGURATION
For 1+3 neutrino states with Inverted Ordering, the length of the vectors, that determines |mββ | with the phase
factor can be obtained from equation (6), (11) and (12). These vectors as a function of lightest neutrino mass
mlow are µ˜1 =
√|∆m2atm| −∆m2sol +m2lowc212c213c214, µ˜2 = √|∆m2atm|+m2lows212c213c213, µ˜3 = mlows213c214 and µ˜4 '
53 ν (best-fit)
3 ν (2σ)
1+3 ν (best-fit)
1+3 ν (2σ)
|m
ββ
| (e
V)
10−4
10−3
0.1
1
mlow (eV)
10−4 10−3 0.01 0.1 1
Figure 1: Left panel shows the four partial mass contribution to |mββ | in Eq. (12) as function of the lightest mass mlow for
3σ allowed intervals in the case of 1+3ν mixing with Normal Ordering. Right panel shows the allowed ranges in the |mββ | -
mlow parameter space, both in the standard three neutrino picture(unfilled band space) and with one sterile neutrino (filled
band space) for the 1+3 case as defined by eq. 14.
√
m2low + ∆m
2
sbls
2
14. The lengths are shown in the left panel of Figure 2 as functions of mlow for 3σ variations of
oscillation parameters as given in the Table II and III. Right panel shows the value of effective Majorana mass |mββ |
as a function of lightest neutrino mass in the 3 and 1+3 neutrino case as defined by equation (6) and (13) respectively.
One can see that µ1 is always dominant to, because θ13 is smaller than pi/4 and |Ue1| > |Ue2| > |Ue3|. Therefore,
there can not be a complete cancellation of three mass contribution to |mββ | for three active neutrinos with Inverted
Ordering, as shown in the right panel of Figure 3. So one can obtain the lower and upper bounds of |mββ | for three
active neutrino states with Inverted Ordering. Here, maximum and minimum values of the allowed bands for |mββ | is
obtained from the relative phase factor and the coefficients of the oscillations parameters as given in Table II. From
the right panel of Figure 2, one can obtain the lower and upper bounds of the |mββ | in the case of three active neutrino
with Inverted Ordering mass spectrum,
.02eV ≤ |mββ | ≤ .05(best− fit)eV. (14)
The next generation and current data taking neutrinoless double-beta decay experiments will try to explore the range
of |mββ | between the limits in Eqs. (15) and testing the Majorana nature of neutrinos in the case of an Inverted
Ordering.
While for the sterile neutrino case there can be a total cancellation between the partial contribution µ4 and µ2 for
mlow ≤ .06 eV as shown in the right panel of Figure 2. Comparing 3ν and 1+3ν mixing as shown in the right panel
of Figure 2, One can see that the predictions of effective Majorana mass |mββ | are completely different in the 3ν
and 1+3ν cases if there is an Inverted Ordering[8, 25–31]. This deifference in the effective Majorana mass |mββ |1+3ν
comes mainly from the phase factors, φ21, φ
′
31 and φ41. Various possible range of |mββ | for the particular choice of
the phase cases are shown in the Appendix.
Since |mββ | strongly depend on the phases φ21, φ′31 and φ41 and, this phase combination determine the maximum
and minimum of |mββ | with coefficients of oscillation parameters. These phase combinations can significantly change
the range of the |mββ |, region of |mββ |−mβ plane and region of |mββ |−
∑
plane as shown in the Figure 2(right panel
and 5 ) and 3(right and left panel) respectively. Here I consider the phase combination which give the maximum and
minimum possible range of |mββ | as shown in the right panel of Figure 2 and its dependency on the fourth sterile
phase parameter (φ41) only for estimating the lower bound. For understanding these phase dependency on |mββ |, a
monte carlo code is developed, which is based on root package[32]. In the code all parameters are varied in the full
range to get the maxima and minima of |mββ |. Than to find the particular parameter region, in my case (φ41 vs
63 ν (best-fit)
3 ν (2σ)
1+3 ν (best-fit) 
1+3 ν (2σ)
|m
ββ
|  (
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Figure 2: Left pannel shows the four partial mass contribution to |mββ | in Eq. (12) as function of the lightes mass mlow for
3σ allowed intervals in the case of 1+3ν mixing with Inverted Ordering. Right pannel shows the allowed ranges in the |mββ | -
mlow parameter space, both in the standard three neutrino picture(unfilled band space) and with one sterile neutrino (filled
band space) for the 1+3 case as defined by eq. (14).
Figure 3: Left and right pannel respectively shows the value of effective Majorana mass |mββ | as a function of effective
electron neutrino mass mβ and sum of the neutrino masses
∑
in the case of 1+3 neutrino mixing with Inverted Ordering.
The signs combination as shown in the legend imply the signs of eiφ21 , eiφ31′ , eiφ41 = ± 1 for the eight possible cases in which
CP is conserved.
mlow), as shown in figure 4, that range causes the |mββ | below a certain values is estimated. I have varied the full
range of φ41, i.e. (0, 2pi) and lightest neutrino mass in the range of 1.00 - .0001 eV and then find a region between
φ41 and mlow that can push the effective mass below the certain values (.01 eV or .05 eV) shown in the Figure 4. If
these parameter lies within the red dotted region, the effective Majorana mass will be less then .01 eV, similarly if
these parameter lies within blue dotted region, |mββ | will be ≤ .05 as shown in Figure 4. If the scenario 1+3ν mixing
with Inverted Ordering of mass spectrum exist and |mββ | goes below .01 eV or .05 eV and observed in the near future
then sterile parameter must lies within the region shown in Figure 4.
For completeness left and right panel of Figure 3 shows the correlation between |mββ | and the measurable quan-
7tities mβ and
∑
for all the possible combination of phases, that will be observed in beta decay experiment[33–35],
cosmological and astrophysical data[36, 37] respectively.
V. RESULT AND DISCUSSION
Figure 4: Regions in the (mlow, φ21) plane where two different conditions on |mββ |IO apply. In the green region |mββ |IO
satisfies |mββ |IO < .05eV and red region satisfies |mββ |IO < .01eV , for all values of θkl, δµ2jk and φ
′
31 from the corresponding
2σ intervals of oscillation parameter.
Current data taking and next-generation (ββ)0ν - decay experiments aiming to look and possibly cover the Inverted
Ordering range |mββ | ' 10−2 eV as obtained for three neutrino case. For contrasting this range in four neutrino
case by considering recent global-fit data on the neutrino mixing angles and the neutrino mass-squared differences, I
have determined the parameter space under which the effective Majorana mass in the Inverted Ordering case |mββ |IO
goes down to .05 eV and .01 eV as shown in Figure 4. For obtaining this parameter space I have considered the full
range(0, 2pi) of fourth Dirac-Majorana phase φ41 while keeping other phase fixed and varying the lightest neutrino
mass in the range of 1.00 eV - 1×10−4 eV.
Finally one can conclude now by saying that if we obtained the |mββ | below the range discussed then it will
be very interesting for sterile neutrino physics. And the parameter range obtained in this analysis will be useful
for the development of models and experiments in 10−3 eV range to explore the sterile neutrino physics. Several
oscillation experiments are planned mainly to investigate the LSND/MiniBooNE anomaly, particularly the Short-
Baseline Neutrino program at DUNE (Deep Underground Neutrino Experiment) at Fermilab, which will use three
detectors: Short-Baseline Near Detector[40], MicroBooNE[38], and ICARUS[39].
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Appendix A: IO case with Other Phase
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Figure 5: The allowed ranges in the |mββ | - mlow parameter space, both in the standard three neutrino picture and with
one sterile neutrino for the 1+3 IO case. Top left panel upper and lower band range are obtained in the mass term
combination of (+,+,-) and (-,-,+), while right panel upper and lower band range are obtained in the mass term combination
of (+,+,-) and (-,-,-). Bottom upper and lower band range are obtained in the mass term combination of (+,+,+) and (-,-,+).
The signs indicate the signs of eiα21 , eiα31′ , eiα41 = ± 1, these are the extreme cases which determine the minimum and
maximum value of |mββ | in which CP is conserved
